We consider the Cavalcanti-Foster-Fuwa-Wiseman inequality [1] which is a necessary and sufficient steerability condition for two-qubit states with two measurement settings on each side. We derive the criterion which an arbitrary two-qubit state must satisfy in order to violate this inequality, and obtain its maximum attainable violation in quantum mechanics. The derived condition on the state parameters enables us to establish a tight monogamy relation for two-qubit steering.
I. INTRODUCTION
Quantum correlations are incompatible with classical mechanics. In the seminal paper, Einstein-PodolskyRosen (EPR) [2] presented an argument sowing the seeds of incompatibility between a classical-like local realist description and quantum theory. Later, Bell formulated a quantitative bound for local realist correlations, that was shown to be violated by quantum mechanics [3] . In response to the EPR paper, Schrödinger showed that quantum correlations enabled an observer to steer a system which is not in her possession [4] . Subsequently, Reid proposed a criterion for demonstrating the EPR paradox [5] using the Heisenberg uncertainty relation.
The concept of steering in the form of an information theoretic task was introduced by Wiseman et al. [6, 7] . They showed that steering occurs due to the lack of a local hidden state (LHS) model, making it impossible for an observer to simulate classically the state of another remote party. Cavalcanti et al. [8] have established the link between the demonstration of the EPR argument as formulated by Reid [5] and the concept of steering as proposed by Wiseman et al. [6] . Among the three distinct classes of nonlocal correlations, steering is not symmetric with respect to the observers, unlike entanglement [9] and Bell-nonlocality [10] , and is also strictly intermediate between the latter two [6] . Quantification of EPR-steering for two qubit states further brings out the hierarchy between entangled, steerable, Bell-nonlocal states [11] .
For the 2−2−2 (two parties, two measurement settings per party, and two outcomes per measurement) experimental scenario, the Bell-Clauser-Horne-Shimony-Holt (Bell-CHSH) inequalities [12] are the necessary and sufficient conditions for local realism [13] . It is well known that all bipartite pure entangled states violate local realist inequalities [14] . This is, however, not true for mixed states [15] . A condition on the state parameters for violating the Bell-CHSH inequality by an arbitrary two qubit state for projective measurements was derived [16] .
Though the Reid criterion suffices for demonstrating steering, there exist several steerable states which do not violate it. This has motivated the formulation of other or more optimal steering conditions for both discrete and continuous variables [17] [18] [19] [20] [21] [22] . It is still an open problem to find necessary and sufficient conditions for steerability, in general. For the 2 − 2 − 2 experimental scenario, an analogue of the CHSH inequality for steering proposed recently [1] by Cavalcanti-Foster-Fuwa-Wiseman (CFFW), provides a necessary and sufficient condition for steering. It is thus natural to ask as to how to determine the states that violate the CFFW inequality.
Motivated by the above question in the present work we derive a condition that a two-qubit state must satisfy in order to violate the CFFW inequality [1] , a la the Horodecki condition [16] for violation of the Bell-CHSH inequality. Derivation of the criterion for violating the CFFW inequality enables us to obtain a tight monogamy relation for steering. It is known that all the three classes of nonlocal correlations are monogamous in nature. Coffman, Kundu and Wootters established quantitatively how entanglement could be shared between more than two parties [23] . Later, monogamy relations for quantum violation of the Bell-CHSH inequality for arbitrary tripartite states have been established [24] . Recently, certain monogamy relations for steering have also been proposed [25, 26] . Steering monogamy relations find applications in threshold efficiency bounds [27] and onesided device-independent quantum communication [28] .
The plan of the paper is as follows. In the next section we provide a brief overview of steering and the CFFW inequality [1] . In section III we derive a criterion for for violating the CFFW inequality by an arbitrary bipartite qubit state. The maximal possible violation of this inequality in quantum theory, a la the Tsirelson bound for Bell nonlocality [29] , is then obtained as a corollary of our derivation. As a consequence of this derivation it follows that the CFFW inequality can detect two way steering only, which is not apparent from the expression of the inequality. In section IV we establish a monogamy relation for the CFFW inequality, which implies that for a tripartite state shared between three observers two of them cannot steer the third party simultaneously through the quantum violation of the CFFW inequality. We end with some concluding remarks in section V.
II. BIPARTITE STEERING UNDER TWO DICHOTOMIC MEASUREMENTS PER SITE
Steering phenomena can be described as the nonexistence of a local hidden variable-local hidden state (LHV-LHS) model for the correlation obtained from local measurements performed on spatially separated systems. Let A ∈ M α and B ∈ M β be the possible choices of measurements for two spatially separated observers, say Alice and Bob, with outcomes a ∈ D a and b ∈ D b , respectively. Alice and Bob perform local measurements independently on a particle in their possession of the bipartite quantum system ρ AB . The joint probability of obtaining the outcomes a and b, when measurements A and B are performed by Alice and Bob, respectively, is given by, P (A, B|a, b, ρ AB ).
The bipartite state ρ AB of the system is steerable by Alice to Bob iff it is not the case that for all
, the joint probability distribution can be written in the form
(1) where P (λ) is the probability distribution over the hidden variables λ, P (a|A, λ) denotes an arbitrary probability distribution, and P Q (b|B, ρ λ )(= tr[ρ λ Q b B ]) denotes the quantum probability of outcome b given measurement B on the state ρ λ .
The necessary and sufficient criterion [1] to detect steering from Bob to Alice in the 2 − 2 − 2 scenario with Alice's measurements being mutually unbiased, is given by
This inequality, denoted as the CFFW inequality, is an analog of the Bell-CHSH inequality [12] which provides a necessary and sufficient condition for two-qubit Bell nonlocality.
III. CONDITION ON TWO-QUBIT STATES FOR QUANTUM VIOLATION OF THE CFFW INEQUALITY
The Horodecki criterion [16] decides whether an arbitrary bipartite qubit state violates the CHSH inequality for projective measurements. In a similar spirit here we derive a criterion for the quantum mechanical violation of the CFFW inequality by an arbitrary bipartite qubit state for projective measurements.
An arbitrary state in H(= C 2 ⊗ C 2 ) can be expressed in terms of the Hilbert-Schmidt basis as
Here I is the identity operator acting on C 2 , σ i s are the three Pauli matrices, and r, s are vectors in R 3 (with norm less than or equal to unity), with r. σ =
Theorem 1 : There exist projective measurements for which any two-qubit density matrix (3) violates the CFFW inequality (2) if S(ρ) > 1.
Proof : In order to prove the above theorem let us denote Q =q. σ, where Q ∈ {A, A ′ , B, B ′ } and q ∈ {a, a ′ , b, b ′ }. The left hand side of the CFFW inequality (2) for Bob to Alice steering can be expressed as
We now maximize (5) over all possible projective measurements. To this end, let us define two mutually orthogonal unit vectorsĉ,ĉ ′ throughb +b ′ = 2 cos θĉ and b −b ′ = 2 sin θĉ ′ , with θ ∈ {0, π/2}. With the above definitions, one may write
Here (ĉ, Tâ) denotes the inner product betweenĉ and Tâ.
For the CFFW inequality in case of Bob to Alice steering,â andâ ′ are mutually unbiased measurements. Since we restrict ourselves to local projective measurements,â andâ ′ have to be mutually orthogonal [1] . Now, maximizing overâ, andâ ′ , we have
The above expression is maximized whenĉ,ĉ ′ are the two eigenvectors of T t corresponding to the two greatest eigenvalues v,ṽ. Thus,
This value coincides with the Horodecki M function [16] for the CHSH inequality. Therefore, the quantum mechanical violation of the CFFW inequality for Bob to Alice steering occurs when S BA > 2, or S(ρ) > 1. Corollary 1: There exists local unitary operations such that T can be made diagonal without increasing the nonlocal character of the state. For symmetric matrices, λ max (AB) ≤ λ max (A)λ max (B). As ||T || ≤ 1, it follows that v,ṽ can be at most equal to 1. Hence, the maximum value of the left hand side of the CFFW inequality attainable in quantum mechanics is 2 √ 2. Corollary 2: Note that the maximum value of S(ρ) (4) is independent of the steering direction. The expression for S(ρ) remains the same by either maximizing the function S BA for Bob to Alice steering, or the corresponding function S AB for Alice to Bob steering. It hence follows that the CFFW inequality detects two-way steering, a fact that is not evident through the form of the inequality (2).
It is to be noted that our results are consistent with [30] where the authors generalised CFFW inequality and shown that states which are EPR steerable with CHSHtype correlations are also Bell nonlocal.
IV. MONOGAMY OF STEERING
The restriction on the sharing of quantum correlations of a multipartite system between several number of observers is quantitatively expressed through monogamy relations for entanglement [23] , CHSH inequality [24] and EPR steering [25, 26] . Unlike entanglement and Bellnonlocality, EPR steering is asymmetric with respect to the observers, requiring extra sophistication in the monogamy relations. A monogamy relation through the Reid criterion may be used to quantify the amount of bipartite EPR steering that can be shared by a number of parties, and identify the directionality of steering monogamy [25] . A monogamy constraint derived using volume of the quantum steering ellipsoid states that one party cannot steer both of the other two parties to a large set of states [26] . It may be noted that among various monogamy relations, more fundamental are those which are based on some necessary and sufficient criteria. The Reid criterion is not necessary for EPR steering by various continuous variable systems [18, 20, 21] . Here we derive a monogamy relation for the necessary and sufficient steering condition in the case of two binary measurements performed by each party [1] . 
where, A i , B j , C k denote measurements performed by Alice, Bob and Charlie, respectively. The left hand side of (9) can be written as
since measurements A i achieving the maximum in S BA and S CA may differ. The maximum value of the CHSH expression for a pure three qubit state ρ is given by [24] M ax
where T AB , the correlation matrix of reduced state belonging to Alice and Bob is of the form
. Similar results hold for the reduced state of Alice and Charlie. From theorem 1, it is known that the maximum value of S AB is the same as that of CHSH expression. Therefore, the monogamy relation derived for the CHSH inequality [24] is also applicable for the CFFW inequality with the same choice of measurements for Alice in S BA and in S CA . Hence, one obtains
The inequality 13 implies if S BA > 2 i.e., Bob can steer Alice's subsystem then it can not be steered by an another party. This inequality can be saturated for the three qubit state given in Ref. [24] , which also saturates the CHSH monogamy inequality.
V. CONCLUSIONS
Steering is a phenomenon where one party by her choice of measurements can prepare different assemblages of another system not possessed by her, which cannot be mimicked by any classical model. In the 2−2−2 (two parties, two measurement settings per party, and two outcomes per measurement setting) experimental scenario, the necessary and sufficient condition for steering is given by the CFFW inequality [1] . Here we have derived a condition on an arbitrary quantum state of two qubits for the violation of the CFFW inequality using projective measurements. Our analysis closely follows the derivation of a similar state condition for the CHSH inequality [16] . The maximum possible quantum violation of the CFFW inequality and its inability to detect one-way steering follow as corollaries of our derived criterion which represents a necessary and sufficient condition on the steerability of a quantum state under the above restrictions. Monogamy of quantum correlations is an important nonclassical property which is relevant for tasks such as secure key generation between separated parties. Here we establish a tight monogamy relation for two-qubit steering with two measurements per party.
